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Abstract
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In this paper, we study the properties of open sets, closed sets, closure operator and interior operator on minimal

structure space. We will provide characterization of sg-submaximal space by using various kinds of generalized closed

sets and open sets.
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Introduction

In the literature', Maki introduced the notion of minimal
structure. Also Popa and Noiri2, introduced the notion of
my-open sets, my-closed sets and then characterized
those sets using my-closure and miy-interior operators,
respectively. After that Popa and Noiri’ and Cao et al.?,
defined some new types of open sets and closed sets in
topological space and obtained some results in topological
space. Late*, Rosas introduced some new types of open
set and closed set in minimal structure. The concept of
relationships of generalized closed sets and some new
character-izations of sg-submaximal were introduced by
Gansteer’. In this paper, we study the minimal structure
space and properties of open set, closed set, closure and
interior in this space, including the relationship between
every type of closed set. We provide the characterization

of Sg-submaximal space.

Preliminaries

First, we recall some concepts and definitions
which are useful in the results.

Definition 2.1" Let X be a non-empty set and
P(X) the power set of X A subfamily " of P(X) is called
a minimal structure (briefly m—structure) on X if Mx
contains (J and X The pair (X, mX) is called an m—space.
Each member of 7y is said to be Mx-open set and the
complement of " .x-open set is said to be 7x-closed set.

Definition 2.2° Let X be a non-empty set and
My be an m—structure on X For a subset 4 of X the
My _closure of 4 denoted by mCl(A) and the Mx-interior
of 4 denoted by mlnt(A) are defined as follows:
(1) mCl(A)=N{B< X:X-Bem, and Ac B},
2) mInt(A):U{BgX:BemX and Bc A}'

Lemma 2.3° Let X be a non-empty set and "x

be an m—structure on X. For 4 Bc X the following
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statements hold:
(1) mlnt(A) C A If Aemy , then mInt(A) =4
(2) AcmCI(A). If X —Aemy, then
mCl(A) =4
(3) If Ac B, then mint(A)< mint(B) and
A)cmCl(B).
) c mlnt(A) ﬁmlnt(B) and
)umCl(B)=mCl(AUB).
(5) mint (m]nt ) mlnt( )and
mCl(mCl(A))=mCI(A).
(6) X —mCl(A) =mint(X - A) and
X- mInt(A) = mCZ(X—A).
(7) mCl(@) =, mCZ(X) =
mlm‘(@) = and mlnt(X) =X.
Definition 2.4° Let (X, m, )be an m—spaceand AC X.
Then 4 is called:
(1) My-semi open set if Angl(mInt(A)),
(2) Mx-pre open set if Agm[nt(mCl(A)),
(3) my-b open set if 4 gm]nt(mCl(A))u
mCl (mlnt(A)),
(4) my-c open set if
Ac mInt(mCl (m]nt(A))),
A= mInt(mCl(A)).

(4
(4) miInt (
mCl(4

(5) mX—reguIar open set if
The complement of an 7x-semi open (resp. "x-preopen,
My-b open, "x-cx open, Mx-regular open) set is called an
My-semi closed (resp. "x-pre closed, 7x-b closed, "x-c
closed, Mx-regular closed) set. The collection of all .y
-semi open (resp. "x-preopen, x-b open, Mx-cx open,
My regular open) sets of X is denoted by mXSO(X)
(resp. myPO(X), myBO(X) myaO(X), mXRO(X)).
Definition 2.5°" Let (X,mX) be an m—space and
Then A4 is called:
(1) sCl(A)=N{B< X: B is a my-semi closed
setand AC B},

2) pCl(A):ﬂ{BgX:B is a my-pre closed
setand AcC B},

(3) bC](A) :ﬂ{BgX:B is a My-b closed set
and 4 gB}.
Definition 2.6°" Let (X, ) be an m — space and
Then A is called:
(1) my —gb closed if bCl(A)gU whenever
AcU and Uemy,

Ac X.

Ac X.
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(2) my —sg closed if sCl(A) c U whenever
and UemXSO(X),

(3) m, —gs closed if SCZ(A)QU whenever
and U emy,

(4) my —gp closed if pCl(A) c U whenever
AcU and U emy.

The complement of an m, —gb closed (resp.
my —sg closed, m, —gs closed, m, —gp clos-ed) set is
called an m, —gb open (resp. m, —sg open, My — &S
open, my — gp open) set.

Lemma 2.7 * Let (X,mX) be an m—space and
Then A4 is called:

(1) sCI(A4)=AUmint(mCI(4)),

(2) pCl(A4)=AUmCl(mint(A4)).

Definition 2.8° Let (X, m, ) be an m—space and

Ac X.

Ac X. Then A is called My-nowhere dense if and only
if mint(mCl(4)) =2

Definition 2.9° Let (X, m, ) be an m—space and
Dc X. Then D is called Mx-dense if and only if
mCl(D)=X

Definition 2.10° Let (X771 ) b an m—space and
et X1, Xy ngeﬁned by X {XEX: {x}is my —nowhere
dense} and X ={xeX:{x} is My -preopen}, It is
easy to see that {X;,X,} is a decomposition of X (i.e.
X=XUX,).

We will give the definition of 72y-codense and
my —Sg closed, including study intersection and relation-
ships of some types of closed set.

Definition 2.11 Let (X, mX) be an m—space and
EcX. Then E is called My-codense if and only if
mint(E)=2

Definition 2.12 An m—space (X,mX) is said to
be sg-submaximal if every my-codense subset of X is
my —8g closed.

Example 2.13 Let X={ab,c} Define the
m-structure on X by m,, =f@,{c},{a,b},X}. Then &,
{a},{b}are Mx_codense. Moreover, we get mXSO(X)
{Q,{c}, {a,b},X}.So Q{a},{b} are My —sg closed. Hence
(X,mX) is sg-submaximal of X.

It is not difficult to prove that the intersect-ion of
My-b closed (resp. " x-semi closed, " x-pre closed) is also

Mmy-b closed (resp. My-semi closed,”x-preclosed).



28 Nuthawan Pimpila et al.

The relationships between various types of

generalized closed set have been summarized in the
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following diagram.

my — a closed

my — gs closed

my — Sg closed/ \L
v —
l /
my — semi closed —> My — bclosed —> my — gb closed
my — sp closed T
my — pre closed — gp closed

3. Results

First we will give a characterization of 7y —S&
closed in m—space.

Theorem 3.1 Let (X, my ) be an 7 —space and
Ac X. Then 4 is my —sg closed if and only if
X, nsCl(A)c A

Proof. (=) Let x€ X; NsCI(A), then {x}is
anm—space. Assume that XA then AC X—{x}.
Thus SCZ(A)QX—{x}, a contradict-ion. Therefore
xeA that is X msCl(A)gA. (C) Suppose that
X mSCI(A)QA- Let Uem,SO(X)suchthatd<U
and let x € sCl(A). If x€ X, then X€X, msCl(A)gA.
So sCI(A)= A. Assume now xeX,. Suppose that
x¢U. This implies that X —U is Mx-semi closed and
xeX—-U. Since {x} is My-pre open, we have
sCI({x}) = {x}© mint (mCl({x}))

=mint (mCI ({x}))
(mcz (x-0))

Iﬂ Iﬂ

Since {x} is my-preopen and we get that
m]nt(mCZ ({x}))mA =, then let
ye mInt(mCl({x})) MNA, we getthat ye
m[nt(mCl({x}))mAg(X—U)mU — @ contradiction.
Thus xeU and sCl(A) cU. Hence 4 is my-sgclosed.
Lemma 3.2 If 4 is m-regular open and mInt(A)
is my-open, then A4 is my- open.

Proof. Let A be my-regular open, then 4=
mlnt(mCl(A)). Thus

mint(A)=mint (mint(mCl(4)))
= mIm‘(mCl(A)) =4

It implies that A is my - open.

It implies that A g My open.

Lemma 3.3 If 4 is an m, —sg closed set and let
B be an my-closed sets, then AUB is My —Sg closed.

Proof. Let 4 be an m, —sg closed set and let
B be an My-closed set. Then X| msCl(A) c A. Consider,
X, NsCl(AUB) < X, ~(sCl(A)UsCI(B))

=sCl(A) (X, NsCI(B))
:(Aumlnt(mCl(A)))

(X, nsCl(B))
=AUB

therefore by Theorem 3.1, AUB is my —sg
closed set.

Lemma 3.4 Let (X,m, ) be an m—space and
A,BC X. If A is an My-semi closed set and B is an
my —sg closed set, then AN B is My —S& closed set.

Proof. Let A be an my-semi closed set and B
is my —sg closed set, then mlnt(mCl(A))gA and
X, msCl(A) c4 Consider,

X, NsCl(ANB) < X, N\(sCl(4)nsCI(B))
=sCI(A) (X, NsCI(B))
=(Aumlnt(mCl(A)))

(X, NsCI(B))
=ANB,

therefore by Theorem 3.1,ANB is my —sg
closed set.

Lemma 3.5 Let (X’mX) be an M —Space and
A€ X. Then bCl(A) =sCl(A) mpCl(A).

Proof. Consider, bCI( )

= A (mint (mCl(A)) AmCl(mint(4)))

(Aumlm‘(mCl(A)))

(AumCl mInt ))
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by Lemma 2.7, bCZ(A): SCI(A)ﬁpCl(A).

We now consider the property of S€-submaximal.
First we will give some elementary characterizations of
Sg-submaximal spaces.
Theorem 3.6 Let X be an 72— space, the follow-
ing properties are equivalent:
(1) X is sg -submaximal,
(2) For any subset 4 of X, A=mCl(A)mG
where G is an m, —sg open subset of X,
(3) For any subset 4 of X, A=mInZ(A) UF
where F' is an my —sg closed subset of X,

(4) every my -codense subset A of X is

my —Sg closed,
(5) mCZ(A)—A is my —sg closed for every
subset 4 of X.

Proof (1)
mint (mCl )

=mlnt (mCZ ( ) ( ))

c mint (mCl )) Nmlint (X A

= mlnt(mCl ) m[X mCl ):l
=mCl(A) [ X -mCl(A4)]=2.

=(2): Let A< X. We consider

This implies that mCl(A)—A is my - codense.

By (1) we get mCl(A)—A is my —sg closed.
Then (X —mCl(4))u 4

— X —(mCl(A) (X - 4)) = X —(mCI(4) - A)
is my —sg open. Therefore

[(x =mCi(4)) 0 4] ~mCi(4)

=[(x ~mC1(4)) nmCi(4)] S AnmCI(4)]

= A. Hence we can conclude that (2) is true.

(2)=>(3): Let A X. Then there exists an
my — sg open subset G of X such that
X—A=mCI(X —A)NG. Thus
A=X-[X-A]
=X-[mCl(X-A4)"G]
=(X-mCl(X - 4)) U(X-G)
=mint(A) U(X —G). This implies that
=mint(A) U(X —G). This implies that
X —G is an my —sg closed subset of X.

Hence the statement (3) is true.
(3)=(4): Let A be my -codense,

mlnt(A) = By (3), there exists an my —sg

that is
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closed subset F of X such that AZmInt(A)
UF.  Hence A=m[nt(A)uF=@uF= F.
So 4 is my —sg closed.

(4)=(5): Let A< X. We consider,
mlnt(mCl(A)—A)

=mint(mCl(4) (X - 4))

c mIn(mCl(A)) N mInt(X— A)
=mint(mCl(A)) [ X —mCI(4)]

=mCl(A) [ X -mCl(4)]=2.

This implies that mCl(A)—A is m, -codense,
therefore mCl(A)—A is m, —Sg closed.
(5)=>(1): Let A be my -codense of X, that is
mint(A)=. By (5), we get that mCl(X —A)
—(X—A) is my —sg closed. We also have that
mCl(X —A)—(X —A4)=mCl(X —A) N4

=[ X—mint(4)|nA=X A=A

Hence A4 is m, —sg closed. Therefore X is
Sg -submaximal.

Example 3.7 Let X={a,b,c}. Define the m-
structure on X by m,, =f@,{a},{a,b},X}.
Then &, {c},{b,c} are my -codense. Moreover,
we get mXSO(X) =f@,{a},{a,b},{a,c},X}.
So I, {c},{b,c} are m, —sg closed. Hence
(X,mX) is sg -submaximal of X. Itis clear that
(1) and (4) are equivalent. For (2), (3), (5) it is not
difficult to show how they are equivalent.

Theorem 3.8 Let X be an m—space, and let
mlnt(E) be an open set when E C X, the
following properties are equivalent:

(1) every my -b closed set is m, —sg closed,
(2) every my -pre closed set is m, —sg closed,

(3) X is sg -submaximal.

Proof. (1)=>(2): Let A be m, -pre closed, that
is mCl(mint(A4)) < A. Then

mCl(mint(A)) ~mint(mCI(A))
< mCl(mint(A))mCl(mCl(4))
=mCl(mint(A)) "mCI( )
cAnmCl(A4)=
This implies that 4 is my-b closed, therefore 4

is my —sg closed.
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(2)=>(1): Let A be my -b closed, then A=
bCl(A). By Lemma 3.5, we get bCl(A) =
SCI(A) ﬂpCl(A). We can easily see that
SCI(A) is M, -semi closed and pCl(A) is

my -pre closed. Therefore pCZ(A) is my —Sg

closed. By Lemma 3.4, implies that 4= bCl(A)

=SCI(A)ﬁpCl(A). Hence A is m, —sSg
closed.

(2)=(3): Let A bem, -codense, then

m]nt(A) =. Since mCl(mInt(A))=

mCl(A) =D < A Thus mCl(mint(A4)) < 4,

such that A is m, -pre closed. Therefore A is

my —sg closed. Hence X is sg -submaximal.

(3)=>(2): Let A be m, -pre closed, than X — A4

is my -preopen and we will get

X—-A4 gmlnl(mCl(X—A)).

Let G= m]nt(mCl(X—A)). Then we get

mCZ(X—A) ngZ(G). Consider mCl(G)

=mCl(mInt(mCl(X—A))) ngl(X—A).

Thus mCl(G)= mCI(X —A). This implies that

szlnt(mCl(G)), i.e. G is my -regular

open. Since mCl(G)gX, then m[nt(G)

is open set. By Lemma 3.2, G'is an open set.

Assume that DZ(X—A)U(X—G), then

mCl(D)=mCl[ (X - 4)V(X -G)]

=mCl(X —A)umCl(X -G)

=mCl(G)uX-G

=mCl(X)=X,
therefore D is m, -dense. Consider,

DNG =[(X-4)u(4-G)|nG
=[(X-4)nG]U[(X-G)nG]
=[(X-4)nG|ug =X-4,

thus AZ(X—D)U(X—G). Consider X —D

we will get m]nt(X—D)ZX—mCl(D)Z

X-X =0, thus X-D is my-codense.

Since X is sg-submaximal, then X —D s

m, —sg closed. Since X —G is a closed set

and by Lemma 3.3, A=(X—D)U(X—G) is

my —sg closed.

Example 3.9 Let Xz{a,b,c}. Define the m-
structure on X by my, zj@,{a},{b},X}. Then
%) {c} are my -codense. Moreover, we can find
that 7, SC(X)
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(@) o} @b fach fo.) X},
myBC(X)
=I@,{a},{b},{a,b},{a,c},{b,c},X} and
my PC(X) =12 [a} B} {a.b}. X S0 2,
{c} are my —sg closed. Hence (X,mX) is Sg -

submaximal of X and (1)-(3) are equivalent.

Conclusion

In conclusion, the concepts of minimal structure
space which study open set, closed set, closure and in-
terior in intersects on such. The results are properties
characterizations of Sg-submaximal space in Theorem
3.6 and Theorem 3.8
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