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บทคัดยอ
กราฟจะถูกเรียกวา	 ซุปเปอรเมจิก	 ถามีการกํากับของเสนดวยจํานวนเต็มบวกที่แตกตางและเรียงตอกัน	 ซึ่งผลรวมของตัวเลข

ของทุกเสนที่เชื่อมกับจุดใด	 ๆ	 เปนคาคงตัว	 กราฟ	G จะถูกเรียกวา	 ดีกรี-เมจิก	 ถามีการกํากับของเสนดวยจํานวนเต็ม	

	ซึ่งผลรวมของตัวเลขของเสนที่เชื่อมกับจุด	 	ใด	ๆ	เทากับ	 		กราฟดีกรี-เมจิกขยายกราฟ

ปรกติซุปเปอรเมจิก	 ในงานวิจัยนี้	 มีการพิสูจนเงื่อนไขที่จําเปนและเพียงพอสําหรับการมีอยูของการกํากับที่เปนดีกรี-เมจิกของ

กราฟภายใตการดําเนินการทวิภาคของกราฟสองสวนแบบบริบูรณและกราฟสามสวนแบบบริบูรณ

คําสําคัญ: Supermagic	graphs,	Degree-magic	graphs,	Balanced	degree-magic	graphs.

Abstract
A	graph	is	called	supermagic	if	there	is	a	labeling	of	edges	where	all	edges	are	differently	labeled	with	consecutive	

positive	integers	such	that	the	sum	of	the	labels	of	all	edges	which	are	incident	to	each	vertex	of	this	graph	is	a	

constant.	A	graph	 	is	called	degree-magic	if	all	edges	can	be	labeled	by	integers	 	so	that	the	sum	of	

the	labels	of	the	edges	which	are	incident	to	any	vertex	 	is	equal	to	 	Degree-magic	graphs	

extend	 supermagic	 regular	 graphs.	 In	 this	 paper,	 the	 necessary	 and	 sufficient	 conditions	 for	 the	 existence	 of	

degree-magic	labelings	of	graphs	under	binary	operations	of	complete	bipartite	and	tripartite	graphs	are	proved.

Keywords:	Supermagic	graphs,	Degree-magic	graphs,	Balanced	degree-magic	graphs.

Introduction
One	considers	simple	graphs	without	isolated	vertices.	If	

	is	a	graph,	then	 	and	 	stand	for	the	vertex	set	

and	the	edge	set	of	 	respectively.	Cardinalities	of	these	

sets	are	called	the	order	and	size	of	

	 Let	a	graph	 	and	a	mapping	 	from	 	into	

the	set	of	positive	integers	be	given.	The	index mapping	

of	 	is	the	mapping	 	from	 	into	positive	integers	

defined	by

	 (1.1)

where	 	is	equal	to	 	when	 	is	an	edge	incident	

with	a	vertex	 	and	 	otherwise.	An	injective	mapping	

from	 	 into	 the	 set	 of	 positive	 integers	 is	 called	 a	

magic labeling	of	 	for	an	index	 	if	its	index	mapping	

satisfies	 	A	magic	labeling	 	of	

a	 graph	 	 is	 called	 a	 supermagic labeling	 if	 the	 set	

	consists	of	consecutive	positive	integers.	

A	graph	 	is	supermagic	(magic)	whenever	a	supermagic	

(magic)	labeling	of	 	exists.
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	 A bijective mapping  from  into the set 

 is called a degree-magic labeling (or only 

-magic labeling) of  if its index mapping  satisfies

 

A degree-magic labeling  of a graph  is called balanced 

if for all  the following equation is satisfied

One says that a graph  is degree-magic (balanced 

degree-magic) or only -magic when a -magic (balanced 

-magic) labeling of  exists.

	 A graph  is a bipartite graph if  can be 

partitioned into two disjoint subsets  and  called 

partite sets, such that every edge of  joins a vertex of 

 and a vertex of  If every vertex of  is adjacent to 

every vertex of  then  is a complete bipartite graph. 

A graph  is called -partite graph if  can be parti-

tioned into  disjoint subsets  once again 

called partite sets, such that  is an edge of  if  and 

 belong to different partite sets. If every two vertices in 

different partite sets are joined by an edge, then  is a 

complete -partite graph. 	For any graph  the graph 

union of two graphs  denoted by  or  is a 

graph whose vertex set and edge set are the disjoint 

unions of the vertex sets and edge sets of two graphs  

respectively. For any two vertex-disjoint graphs  and  

the join of graphs  and  denoted by  consists 

of  and all edges joining a vertex of  and a vertex 

of  The composition of graphs  and  denoted by 

 is a graph such that the vertex set of  is the 

Cartesian product  and any two vertices 

 and  are adjacent in  if and only if either 

 is adjacent to  in  or  and  is adjacent to  

in  The Cartesian product of graphs  and  denoted 

by  is a graph such that the vertex set of  

is the Cartesian product  and any two 	

vertices  and  are adjacent in  if and 

only if either  and  is adjacent to  in  or  

and  is adjacent to  in  The tensor product of graphs 

 and  denoted by  is a graph such that the vert 

ex set of  is the Cartesian product  

and any two vertices  and  are adjacent in 

 if and only if  is adjacent to  in  and  is 	

adjacent to  in 

	 The concept of magic graphs was introduced by 

Sedláček1. Later, supermagic graphs were introduced by 

Stewart2. There are now many papers published on 

magic and supermagic graphs; see3-5 for more compre-

hensive references. The concept of degree-magic graphs 

was then introduced by Bezegová and Ivančo6 as an 

extension of supermagic regular graphs. They established 

the basic properties of degree-magic graphs and 	

characterized degree-magic and balanced degree-magic 

complete bipartite graphs in6. They also characterized 

degree-magic complete tripartite graphs in7. Some of 

these concepts are investigated in8-10. One will hereinafter 

use the auxiliary results from these studies.

Theorem 1.16 Let  be a regular graph. Then  is 

supermagic if and only if it is -magic.

Theorem 1.26 Let  be a -magic graph of even size. 

Then every vertex of  has an even degree and every 

component of  has an even size.

Theorem 1.36 Let  be a balanced -magic graph. Then 

 has an even number of edges and every vertex has 

an even degree.

Theorem1.46 Let  be a -magic graph having a  

half-factor. Then  is a balanced -magic graph.

Theorem 1.56 Let  and  be edge-disjoint subgraphs 

of a graph  which form its decomposition. If  is 

-magic and  is balanced -magic, then  is a 

-magic graph. Moreover, if  and  are both balanced 

-magic, then  is a balanced -magic graph.

Proposition 1.66 For  the complete bipartite 

graph  is -magic if and only if  and 

Theorem 1.76 The complete bipartite graph  is bal-

anced -magic if and only if the following statements hold:

if  then 

Lemma 1.87] Let  and  be even positive integers. 

Then the complete tripartite graph  is balanced 

-magic.
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Lemma 1.97 Let  and  be odd positive integers with 

 and let  be an even positive integer such that 

 whenever  Then the complete tri-

partite graph  is -magic.

Labelings in the Join of Complete Bipartite and 
Tripartite Graphs
	 For any positive integers  and  one 

considers the join  of complete bipartite and 

tripartite graphs. Let  be a -magic graph. 

Since  is  

  or  and

 

for any vertex  one has the following 

proposition.

Proposition 2.1 Let  be a -magic graph. 

Then the following statements hold:

only two of  and  are even or

only three of  and  are even or

all of  and  are either odd or even.

Proof. Assume that  is a -magic labeling of  

Suppose to the contrary that only one of  and  

is either odd or even. Thus,   

  or  is odd, and 

 is odd. Since 

 satisfies 

 and it is 

not an integer for some vertex  by 

(1.1),  is a sum of integers, one has a contradiction.	

Proposition 2.2 Let  be a balanced -magic 

graph. Then  and  are either odd or even.

Proof. Suppose to the contrary that some of  and	

 are odd and some are even. Thus, 

   or

 is odd. This means that some vertices of 

 have odd degrees. Since every vertex of 

balanced -magic graph has an even degree, one has a 

contradiction.

	 In the next result, one shows sufficient conditions 

for the existence of -magic labelings of the join of com-

plete bipartite and tripartite graphs 

Proposition 2.3 Let  and  be even positive integers, 

let  and  be odd positive integers with  and let  

be an even positive integer such that  

whenever  Then  is a -magic graph.

Proof. Let  and  be even positive integers, let  and 

 be odd positive integers with  and let  be an even 

positive integer such that  whenever  

Then the graph  is -magic by Lemma 1.9. Since 

 and  are even,  is balanced 

-magic by Lemma 1.8. Since  is the graph 

such that  and  form its decomposition, 

 is a -magic graph by Theorem 1.5.	

Proposition 2.4 Let  and  be even positive in-

tegers. Then  is a balanced -magic graph.

Proof. Let  and  be even positive integers. Then 

the graphs  and  are balanced -magic by 

Lemma 1.8. Since  is the graph such that 

 and  form its decomposition,  

is a balanced -magic graph by Theorem 1.5.	

Corollary 2.5 Let  and  be even positive integers. 

If  then  is a supermagic 

graph.

Proof. This follows from Theorem 1.1 and Proposition 

2.4.	

Example 2.1 One considers the join of complete bipartite 

and tripartite graphs  and  A balanced	

-magic graph  is constructed (see Figure 1) 

and the labels on edges of  are shown in 

Table 1
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4 

𝑝𝑝𝑞𝑞 𝑟𝑟𝑠𝑠 𝑟𝑟𝑡𝑡 𝑠𝑠𝑡𝑡 𝑝𝑝 𝑞𝑞 𝑟𝑟 𝑠𝑠 𝑡𝑡  is 
odd. Since 𝑓𝑓 satisfies 𝑓𝑓∗ 𝑣𝑣  𝑝𝑝𝑞𝑞 𝑟𝑟𝑠𝑠 𝑟𝑟𝑡𝑡
𝑠𝑠𝑡𝑡  𝑝𝑝 𝑞𝑞  𝑟𝑟 𝑠𝑠 𝑡𝑡  𝑣𝑣  and it is 
not an integer for some vertex 𝑣𝑣 ∈ 𝑉𝑉 𝐾𝐾𝑝𝑝 𝑞𝑞

𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡  by (1.1), 𝑓𝑓∗ 𝑣𝑣  is a sum of integers, one 
has a contradiction. □ 

Proposition 2.2 Let 𝐾𝐾𝑝𝑝 𝑞𝑞 𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡  be a balanced 𝑑𝑑-
magic graph. Then 𝑝𝑝 𝑞𝑞 𝑟𝑟 𝑠𝑠 and 𝑡𝑡 are either odd or 
even. 

Proof. Suppose to the contrary that some of 
𝑝𝑝 𝑞𝑞 𝑟𝑟 𝑠𝑠 and 𝑡𝑡 are odd and some are even. Thus, 
𝑝𝑝 𝑟𝑟 𝑠𝑠 𝑡𝑡  𝑞𝑞 𝑟𝑟 𝑠𝑠 𝑡𝑡  𝑝𝑝 𝑞𝑞 𝑟𝑟 𝑠𝑠  
𝑝𝑝 𝑞𝑞 𝑟𝑟 𝑡𝑡 or 𝑝𝑝 𝑞𝑞 𝑠𝑠 𝑡𝑡 is odd. This 
means that some vertices of 𝐾𝐾𝑝𝑝 𝑞𝑞 𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡 have 
odd degrees. Since every vertex of balanced 𝑑𝑑-
magic graph has an even degree, one has a 
contradiction. □ 

 In the next result, one shows sufficient 
conditions for the existence of 𝑑𝑑-magic labelings 
of the join of complete bipartite and tripartite 
graphs 𝐾𝐾𝑝𝑝 𝑞𝑞 𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡  

Proposition 2.3 Let 𝑝𝑝 and 𝑞𝑞 be even positive 
integers, let 𝑠𝑠 and 𝑡𝑡 be odd positive integers with 
𝑠𝑠 ≥ 𝑡𝑡 and let 𝑟𝑟 be an even positive integer such 
that 𝑟𝑟 ≡  whenever 𝑠𝑠  Then 
𝐾𝐾𝑝𝑝 𝑞𝑞 𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡  is a 𝑑𝑑-magic graph. 

Proof. Let 𝑝𝑝 and 𝑞𝑞 be even positive integers, let 𝑠𝑠 
and 𝑡𝑡 be odd positive integers with 𝑠𝑠 ≥ 𝑡𝑡 and let 𝑟𝑟 

be an even positive integer such that 𝑟𝑟 ≡
 whenever 𝑠𝑠  Then the graph 𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡  

is 𝑑𝑑-magic by Lemma 1.9. Since 𝑝𝑝 𝑞𝑞 and 
𝑟𝑟 𝑠𝑠 𝑡𝑡 are even, 𝐾𝐾𝑝𝑝 𝑞𝑞 𝑟𝑟 𝑠𝑠 𝑡𝑡  is balanced 𝑑𝑑-
magic by Lemma 1.8. Since 𝐾𝐾𝑝𝑝 𝑞𝑞 𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡 is the 
graph such that 𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡  and 𝐾𝐾𝑝𝑝 𝑞𝑞 𝑟𝑟 𝑠𝑠 𝑡𝑡  form its 
decomposition, 𝐾𝐾𝑝𝑝 𝑞𝑞 𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡  is a 𝑑𝑑-magic graph by 
Theorem 1.5. □ 

Proposition 2.4 Let 𝑝𝑝 𝑞𝑞 𝑟𝑟 𝑠𝑠 and 𝑡𝑡 be even 
positive integers. Then 𝐾𝐾𝑝𝑝 𝑞𝑞 𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡  is a balanced 
𝑑𝑑-magic graph. 

Proof. Let 𝑝𝑝 𝑞𝑞 𝑟𝑟 𝑠𝑠 and 𝑡𝑡 be even positive 
integers. Then the graphs 𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡  and 𝐾𝐾𝑝𝑝 𝑞𝑞 𝑟𝑟 𝑠𝑠 𝑡𝑡 are 
balanced 𝑑𝑑-magic by Lemma 1.8. Since 𝐾𝐾𝑝𝑝 𝑞𝑞

𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡  is the graph such that 𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡  and 𝐾𝐾𝑝𝑝 𝑞𝑞 𝑟𝑟 𝑠𝑠 𝑡𝑡  
form its decomposition, 𝐾𝐾𝑝𝑝 𝑞𝑞 𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡 is a balanced 
𝑑𝑑-magic graph by Theorem 1.5. □ 

Corollary 2.5 Let 𝑝𝑝 𝑞𝑞 𝑟𝑟 𝑠𝑠 and 𝑡𝑡 be even positive 
integers. If 𝑝𝑝 𝑞𝑞 𝑟𝑟 𝑠𝑠 𝑡𝑡  then 𝐾𝐾𝑝𝑝 𝑞𝑞 𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡  is 
a supermagic graph. 

Proof. This follows from Theorem 1.1 and 
Proposition 2.4. □ 

Example 2.1 One considers the join of complete 
bipartite and tripartite graphs 𝐾𝐾  and 𝐾𝐾  A 
balanced 𝑑𝑑-magic graph 𝐾𝐾 𝐾𝐾  is 
constructed (see Figure 2.1) and the labels on 
edges of 𝐾𝐾 𝐾𝐾  are shown in Table 2.1. 

 
Figure 2.1 A balanced 𝑑𝑑-magic graph 𝐾𝐾 𝐾𝐾  Figure 1 A balanced -magic graph 

Table 1 The labels on edges of balanced -magic graph 

vertex c1 c2 d1 d2 e1 e2 e3 e4 b1 b2 vertex d1 d2 e1 e2 e3 e4

a1 51 6 7 50 11 46 15 42 53 4 c1 19 22 37 36 28 29

a2 5 52 49 8 45 12 41 16 56 1 c2 38 35 21 20 30 27

b1 3 2 48 9 44 13 40 17 - - d1 - - 23 34 31 26

b2 55 54 10 47 14 43 18 39 - - d2 - - 33 24 25 32

Labelings in the Composition of Complete Bi-
partite and Tripartite Graphs
For any positive integers  and  one considers 

the composition  of complete bipartite and 

tripartite graphs. Let  be a -magic graph.

Since  is   

  

 or  and 

 for any

vertex  one has the following 

proposition.

Proposition 3.1 Let  be a -magic graph. Then 

the following statements hold:

 or  is odd and  and  are even or

only one of  and  is even and  and  are odd or

only two of  and  are even or

all of  and  are either odd or even.

Proof. Assume that  is a -magic labeling of  

Suppose to the contrary that only one of  and  is odd 

and  and  are both even, only one of  and  is even 

and  and  are both odd or only three of  and 

 are even and  or  is even. Thus, 

  

  or 

 is odd and 

 is odd. 

Since the mapping  satisfies 

 and it

is not an integer for some vertex  by 

(1.1),  is a sum of integers, one has a contradiction.	

Proposition 3.2 Let  be a balanced -magic 

graph. Then the following statements hold:

 or  is odd and  and  are even or

 and  are even and  and  are odd or

 and  are even.

Proof. Suppose to the contrary that all of  and  

are odd, only one of  and  is even, only two of 

 and  are even and  or  is odd, only three of 

 and  are even and  or  is even or only one 

of  and  is odd and  and  are both even. Thus,

  

  

 or  is odd. 
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This means that some vertices of  have odd 

degrees. Since every vertex of balanced -magic graph 

has an even degree, one has a contradiction.	

	 In the next result, one is able to find a sufficient 

condition for the existence of -magic labelings of the 

composition of complete bipartite and tripartite graphs 

Proposition 3.3 Let  and  be positive integers and let 

 and  be even positive integers. Then  is 

a balanced -magic graph.

Proof. Let  and  be positive integers and let  and 

 be even positive integers. Since  and it is 

even, the graph  is balanced -magic by 

Theorem 1.7. The graph  is balanced -magic by 

Lemma 1.8. The graph  is decomposable into 

 balanced -magic subgraphs isomorphic to  

and  balanced -magic subgraphs isomorphic to 

 According to Theorem 1.5,  is a balanced 

-magic graph.	

Corollary 3.4 Let  and  be positive integers and let 

 and  be even positive integers. If  and 

 then  is a supermagic graph.

Proof. This follows from Theorem 1.1 and Proposition 

3.3.

Example 3.1 One considers the composition of complete 

bipartite and tripartite graphs  and  A balanced 

-magic graph  is constructed (see Figure 2) 

with the labels on edges of  in Table 2

6 

𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡 𝑟𝑟 𝑠𝑠 𝑡𝑡 is balanced 𝑑𝑑-magic by Theorem 1.7. 
The graph 𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡  is balanced 𝑑𝑑-magic by Lemma 
1.8. The graph 𝐾𝐾𝑝𝑝 𝑞𝑞 ∙ 𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡  is decomposable into 
𝑝𝑝𝑞𝑞 balanced 𝑑𝑑-magic subgraphs isomorphic to 
𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡 𝑟𝑟 𝑠𝑠 𝑡𝑡 and 𝑝𝑝 𝑞𝑞 balanced 𝑑𝑑-magic 
subgraphs isomorphic to 𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡  According to 
Theorem 1.5, 𝐾𝐾𝑝𝑝 𝑞𝑞 ∙ 𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡  is a balanced 𝑑𝑑-magic 
graph. □ 

Corollary 3.4 Let 𝑝𝑝 and 𝑞𝑞 be positive integers and 
let 𝑟𝑟 𝑠𝑠 and 𝑡𝑡 be even positive integers. If 𝑝𝑝 𝑞𝑞 

and 𝑟𝑟 𝑠𝑠 𝑡𝑡  then 𝐾𝐾𝑝𝑝 𝑞𝑞 ∙ 𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡  is a supermagic 
graph. 

Proof. This follows from Theorem 1.1 and 
Proposition 3.3. □ 

Example 3.1 One considers the composition of 
complete bipartite and tripartite graphs 𝐾𝐾  and 
𝐾𝐾  A balanced 𝑑𝑑-magic graph 𝐾𝐾 ∙ 𝐾𝐾  is 
constructed (see Figure 3.1) with the labels on 
edges of 𝐾𝐾 ∙ 𝐾𝐾  in Table 3.1. 
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Table 3.1 The labels on edges of balanced 𝑑𝑑-magic graph 𝐾𝐾 ∙ 𝐾𝐾  
vertex d1 d2 e1 e2 f1 f2 g1 g2 h1 h2 i1 i2 

a1 19 84 73 36 30 85 1 102 91 18 12 103 
a2 89 26 77 35 80 20 107 8 95 17 98 2 
b1 22 82 33 75 27 88 4 100 15 93 9 106 
b2 87 81 34 76 28 21 105 99 16 94 10 3 
c1 86 29 32 74 83 23 104 11 14 92 101 5 
c2 24 25 78 31 79 90 6 7 96 13 97 108 

 

vertex e1 e2 f1 f2 vertex h1 h2 i1 i2 vertex b1 b2 c1 c2 
d1 43 46 65 64 g1 37 40 71 70 a1 54 56 50 58 
d2 66 63 45 44 g2 72 69 39 38 a2 55 53 51 59 
e1 - - 47 62 h1 - - 41 68 b1 - - 57 52 
e2 - - 61 48 h2 - - 67 42 b2 - - 60 49 
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Labelings in the Cartesian Product of Complete 
Bipartite and Tripartite Graphs
For any positive integers  and  one considers 

the Cartesian product  of complete bipartite 

and tripartite graphs. Let  be a -magic graph. 

Since  is    

 or  and 

 for

any vertex  one has the following 

proposition.

Proposition 4.1 Let  be a -magic graph. 

Then the following statements hold:

only two of  and  are even or

only one of  and  is even and  and  are odd or

all of  and  are either odd or even.

Proof. Assume that  is a -magic labeling of  

Suppose to the contrary that only four of  and  

are even, only three of  and  are even or only 

one of  and  is even and  and  are both odd.

Therefore,     

 or  is odd and 

 is odd. 

Since the mapping  satisfies 

 and it

is not an integer for some vertex  

by (1.1),  is a sum of integers, one has a 

contradiction.	

Proposition 4.2 Let  be a balanced -magic 

graph. Then the following statements hold:

 and  are even and  and  are odd or 

 and  are even.

Proof. Suppose to the contrary that only four of  

and  are even, only three of  and  are even, 

only two of  and  are even and  or  is odd, 

only one of  and  is even or all of   

and  are odd. Thus,    

  or  is odd. This means that 

some vertices of  have odd degrees. Since 

every vertex of balanced -magic graph has an even 

degree, one has a contradiction.	

	 In the next result, one finds a sufficient condition 

for the existence of -magic labelings of the Cartesian 

product of complete bipartite and tripartite graphs 

Proposition 4.3 Let  and  be even positive  

integers and  Then  is a  

balanced -magic graph.

Proof. Let  and  be even positive integers and 

 Since the graph  is -magic by 

Proposition 1.6,  is a balanced -magic graph by 

Theorem 1.4. The graph  is balanced -magic by 

Lemma 1.8. The graph  is decomposable into 

 balanced -magic subgraphs isomorphic 

to  and  balanced -magic subgraphs isomor-

phic to  According to Theorem 1.5,  is 

a balanced -magic graph.	

Corollary 4.4 Let  and  be even positive  

integers and  If  and , then 

 is a supermagic graph.

Proof. This follows from Theorem 1.1 and Proposition 

4.3.	

Example 4.1 One considers the Cartesian product of 

complete bipartite and tripartite graphs  and  A 

balanced -magic graph  is constructed (see 

Figure 3) and the labels on edges of  are 

shown in Table 3
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Figure 4.1 A balanced 𝑑𝑑-magic graph 𝐾𝐾 𝐾𝐾  

Table 4.1 The labels on edges of balance 𝑑𝑑-magic graph 𝐾𝐾 𝐾𝐾  
vertex a9 a10 d1 d2 d3 d4 e1 e2 e3 e4 f3 f4 

f1 95 94 71 - - - 50 - - - 25 28 
f2 27 26 - 75 - - - 46 - - 96 93 
f3 29 92 - - 63 - - - 58 - - - 
f4 91 30 - - - 67 - - - 54 - - 

 

vertex a11 a12 d1 d2 d3 d4 e1 e2 e3 e4 g3 g4 
g1 89 88 49 - - - 72 - - - 31 34 
g2 33 32 - 45 - - - 76 - - 90 87 
g3 35 86 - - 57 - - - 64 - - - 
g4 85 36 - - - 53 - - - 68 - - 

 

vertex d1 d2 d3 d4 a1 a2 a3 a4 vertex e1 e2 e3 e4 a1 a2 a3 a4 
a5 107 15 17 103 44 - 78 - a7 101 21 23 97 77 - 43 - 
a6 106 14 104 18 - 40 - 82 a8 100 20 98 24 - 81 - 39 

 

vertex d1 d2 d3 d4 e1 e2 e3 e4 a1 a2 b3 b4 vertex d1 d2 e1 e2 
b1 52 - - - 69 - - - 119 118 1 4 d3 13 108 - - 
b2 - 48 - - - 73 - - 3 2 120 117 d4 16 105 - - 
b3 - - 60 - - - 61  5 116 - - e3 - - 19 102 
b4 - - - 56 - - - 65 115 6 - - e4 - - 22 99 

 

vertex d1 d2 d3 d4 e1 e2 e3 e4 a3 a4 c3 c4 vertex a9 a10 a11 a12 
c1 70 - - - 51 - - - 113 112 7 10 a5 79 - 41 - 
c2 - 74 - - - 47 - - 9 8 114 111 a6 - 83 - 37 
c3 - - 62 - - - 59 - 11 110 - - a7 42 - 80 - 
c4 - - - 66 - - - 55 109 12 - - a8 - 38 - 84 
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a6 106 14 104 18 - 40 - 82 a8 100 20 98 24 - 81 - 39

vertex d1 d2 d3 d4 e1 e2 e3 e4 a1 a2 b3 b4 vertex d1 d2 e1 e2

b1 52 - - - 69 - - - 119 118 1 4 d3 13 108 - -

b2 - 48 - - - 73 - - 3 2 120 117 d4 16 105 - -

b3 - - 60 - - - 61 5 116 - - e3 - - 19 102

b4 - - - 56 - - - 65 115 6 - - e4 - - 22 99

c1 70 - - - 51 - - - 113 112 7 10 a5 79 - 41 -

c2 - 74 - - - 47 - - 9 8 114 111 a6 - 83 - 37
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Labelings in the Tensor Product of Complete 
Bipartite and Tripartite Graphs
For any positive integers  and , one considers 

the tensor product  of complete bipartite and 

tripartite graphs. Let  be a -magic graph.

Since  is     

 or  and 

 for any 

vertex  one has the following 

proposition.

Proposition 5.1 Let  be a -magic graph. 

Then the following statements hold:

only four of  and  are even or

only three of  and  are even and  and  are 

even or

 and  are odd and  and  are even or

 or  is even and  and  are odd or

all of  and  are either odd or even.

Proof. Assume that  is a -magic labeling of  

Suppose to the contrary that only three of  and  

are even and only two of  and  are even, only two of 

 and  are even and  or  is odd or only one of 

 and  is even and  and  are both odd. Thus, 

     or 

 is odd and  is odd. Since 

 satisfies  

and it is not an integer for some vertex  

by (1.1),  is a sum of integers, one has a contradic-

tion.

Proposition 5.2 Let  be a balanced -magic 

graph. Then the following statements hold:

only four of  and  are even or

only three of  and  are even and  and  are 

even or

 and  are odd and  and  are even or

 or  is even and  and  are odd or

all of  and  are either odd or even.

Proof. Suppose to the contrary that only three of  

and  are even and only two of  and  are even, only 

two of  and  are even and  or  is odd or only 

one of  and  is even and  and  are both odd. Thus, 

     or 

 is odd. This means that some vertices of 

 have odd degrees. Since every vertex of bal-

anced -magic graph has an even degree, one has a 

contradiction.	

	 In the next result, one finds a sufficient condition 

for the existence of -magic labelings of the tensor prod-

uct of complete bipartite and tripartite graphs 

Proposition 5.3 Let  or  be even positive integers and 

let  and  be even positive integers. Then  

is a balanced -magic graph.

Proof. Let  or  be even positive integers and let  

and  be even positive integers. One considers the fol-

lowing two cases:

Case I. If  is even. Then   and  

are not congruent to  modulo  Thus, the graph  

 and  are balanced -magic by Theorem 

1.7. The graph  is decomposable into  	

balanced -magic subgraphs isomorphic to  

 and  According to Theorem 1.5, 

 is a balanced -magic graph.

Case II. If  is even. Then   and 

 are not congruent to  modulo  Thus, the 

graph   and  are balanced 

-magic by Theorem 1.7. The graph  is decom-

posable into  balanced -magic subgraphs isomorphic 

to   and  According to Theorem 

1.5,  is a balanced -magic graph.	

Corollary 5.4 Let  or  be even positive integers and 

let  and  be even positive integers. If  and 

 then  is a supermagic graph.

Proof. This follows from Theorem 1.1 and Proposition 

5.3.	

Example 5.1 One considers the tensor product of 	

complete bipartite and tripartite graphs  and  A 

balanced -magic graph  is constructed (see 

Figure 4) and the labels on edges of  are 

shown in Table 4
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Corollary 5.4 Let 𝑝𝑝 or 𝑞𝑞 be even positive integers 
and let 𝑟𝑟 𝑠𝑠 and 𝑡𝑡 be even positive integers. If 
𝑝𝑝 𝑞𝑞 and 𝑟𝑟 𝑠𝑠 𝑡𝑡  then 𝐾𝐾𝑝𝑝 𝑞𝑞⨁𝐾𝐾𝑟𝑟 𝑠𝑠 𝑡𝑡  is a 
supermagic graph. 

Proof. This follows from Theorem 1.1 and 
Proposition 5.3. □ 

Example 5.1 One considers the tensor product of 
complete bipartite and tripartite graphs 𝐾𝐾  and 
𝐾𝐾  A balanced 𝑑𝑑-magic graph 𝐾𝐾 ⨁𝐾𝐾  is 
constructed (see Figure 5.1) and the labels on 
edges of 𝐾𝐾 ⨁𝐾𝐾  are shown in Table 5.1. 

 

 
Figure 5.1 A balanced 𝑑𝑑-magic graph 𝐾𝐾 ⨁𝐾𝐾  

Table 5.1 The labels on edges of balanced 𝑑𝑑-magic graph 𝐾𝐾 ⨁𝐾𝐾  
vertex b1 b2 b3 b4 b5 b6 c1 c2 c3 c4 c5 c6 

a1 - - 28 22 23 25 - - 32 18 19 29 
a2 - - 21 27 26 24 - - 17 31 30 20 
a3 36 14 - - 15 33 40 10 - - 11 37 
a4 13 35 - - 34 16 9 39 - - 38 12 
a5 44 6 7 41 - - 48 2 3 45 - - 
a6 5 43 42 8 - - 1 47 46 4 - - 
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