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a1d f: Supermagic graphs, Degree-magic graphs, Balanced degree-magic graphs.

Abstract

A graph is called supermagic if there is a labeling of edges where all edges are differently labeled with consecutive
positive integers such that the sum of the labels of all edges which are incident to each vertex of this graph is a
constant. A graph G is called degree-magic if all edges can be labeled by integers 1.2.....|E{&}]| so that the sum of
the labels of the edges which are incident to any vertex v is equal to {1 + |E(¢}|)}deg(+) /2. Degree-magic graphs
extend supermagic regular graphs. In this paper, the necessary and sufficient conditions for the existence of

degree-magic labelings of graphs under binary operations of complete bipartite and tripartite graphs are proved.

Keywords: Supermagic graphs, Degree-magic graphs, Balanced degree-magic graphs.

£l = Z (1.1)
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Introduction nlv,e)fle) for every v e V(G),

One considers simple graphs without isolated vertices. If

G is a graph, then V() and E{z} stand for the vertex set
and the edge set of &, respectively. Cardinalities of these
sets are called the order and size of G.

Let a graph & and a mapping f from E(&) into
the set of positive integers be given. The index mapping
of f is the mapping f* from V() into positive integers
defined by

where n(v.¢} is equal to 1 when ¢ is an edge incident
with a vertex v, and 0 otherwise. An injective mapping f
from E(G) into the set of positive integers is called a
magic labeling of & for an index 4 if its index mapping f~
satisfies f*{r) =1 for all v £ V(&). A magic labeling f of
a graph & is called a supermagic labeling if the set
{fle):e e E(G)} consists of consecutive positive integers.
A graph [ is supermagic (magic) whenever a supermagic

(magic) labeling of & exists.

! ﬂm:‘?‘i’lﬂ’]ﬁ’)ﬁﬂﬁtﬂﬂ?’lﬂ[ﬂZﬂﬁﬂ’]ﬂﬂ?ﬁiﬂi JJH’I?‘VIU’]@‘E}Lﬂﬂ[u[ﬂgi’lﬁildﬂﬂﬂy’lu%’) 1 Be93718 99 ny 10 FUANTIEVII SUNBWIY TIRTATEITIE

57120

" Faculty of Sciences and Agricultural Technology, Rajamangala University of Technology Lanna Chiang Rai 99, Moo 10, Sai Khao Sub District,

Phan District, Chiang Rai Province, 57120, Thailand phaisatcha_in@outlook.com



Vol 37. No 5, September-October 2018

A bijective mapping f from E(} into the set
{1.2,....|[E(G)1} s called a degree-magic labeling (or only

d-magic labeling) of & if its index mapping [~ satisfies
) 1 +|EG)
Fr) =

deg(v) for all v e V(G).

A degree-magic labeling f of a graph {z is called balanced

if for all v € V{G). the following equation is satisfied

{‘" eE@)in(ve) =10 = lgiﬂjll}‘

<2l

One says that a graph & is degree-magic (balanced

{g e E(G):glv.e) =1, fle) =

degree-magic) or only d-magic when a @-magic (balanced
Li—magic) labeling of & exists.

A graph G is a bipartite graph if V{G) can be
partitioned into two disjoint subsets I/ and V. called
partite sets, such that every edge of = joins a vertex of
Il and a vertex of W. If every vertex of I is adjacent to
every vertex of I, then G is a complete bipartite graph.
A graph  is called k-partite graph if V(G can be parti-
tioned into k disjoint subsets ¥ .V;.....¥.. once again
called partite sets, such that uv is an edge of & if % and
17 belong to different partite sets. If every two vertices in
different partite sets are joined by an edge, then & is a
complete k-partite graph. For any graph &, the graph
union of two graphs &, denoted by & UG or 2(7, is a
graph whose vertex set and edge set are the disjoint
unions of the vertex sets and edge sets of two graphs &,
respectively. For any two vertex-disjoint graphs & and H.
the join of graphs & and H. denoted by & + H. consists
of & U H and all edges joining a vertex of G and a vertex
of H. The composition of graphs & and H, denoted by
G-Hq g graph such that the vertex set of & + H is the
Cartesian product ¥z} » "(H) and any two vertices
{u.v) and (x. ¥} are adjacent in (7 - H if and only if either
u is adjacent to x in & or u = x and ¥ is adjacent to ¥
in H. The Cartesian product of graphs & and H. denoted
by = % H.is a graph such that the vertex set of & x H
is the Cartesian product ¥ (&) x V(H)} and any two
vertices (u.%) and (x.v) are adjacent in G % H if and
only if either & = x and v is adjacentto ¥ in H or v = ¥
and u is adjacent to x in . The tensor product of graphs
= and H. denoted by G&H, is a graph such that the vert
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ex set of G®H is the Cartesian product Vi) = V{H)
and any two vertices (u.v) and (x,y} are adjacent in
G@&H if and only if ¥ is adjacent to * in & and v is
adjacent to ¥ in H.

The concept of magic graphs was introduced by
Sedlacek’. Later, supermagic graphs were introduced by
Stewart’. There are now many papers published on
magic and supermagic graphs; see*® for more compre-
hensive references. The concept of degree-magic graphs
was then introduced by Bezegova and Ivanco® as an
extension of supermagic regular graphs. They established
the basic properties of degree-magic graphs and
characterized degree-magic and balanced degree-magic
complete bipartite graphs in°. They also characterized
degree-magic complete tripartite graphs in’. Some of
these concepts are investigated in®"°. One will hereinafter
use the auxiliary results from these studies.

Theorem 1.1° Let G be a regular graph. Then G is
supermagic if and only if it is d-magic.

Theorem 1.2° Let & be a d-magic graph of even size.
Then every vertex of G has an even degree and every
component of & has an even size.

Theorem 1.3° Let & be a balanced d-magic graph. Then
z has an even number of edges and every vertex has
an even degree.

Theorem1.4® Let G be a d-magic graph having a
half-factor. Then 2 is a balanced d-magic graph.
Theorem 1.5° Let H . and H; be edge-disjoint subgraphs
of a graph (¢ which form its decomposition. If H, is d
-magic and H is balanced d-magic, then G is a d

Hy and Hy are both balanced

-magic graph. Moreover, if
d-magic, then & is a balanced d-magic graph.
Proposition 1.6° For p.g = 1. the complete bipartite
graph K, . is d-magic if and only if ¥ = g{mod 2} and
(p.q) = (22).

Theorem 1.7° The complete bipartite graph Ky, is bal-
anced d-magic if and only if the following statements hold:
p = g = 0(mod 2);

if p = g = 2(mod 4), then min{p. g} = 6.

Lemma 1.87] Let g.q and ¥ be even positive integers.
Then the complete tripartite graph K, . is balanced

d-magic.
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Lemma 1.9 Let § and * be odd positive integers with
g =¥ and let p be an even positive integer such that
v = 0({mod 4 whenever g = 1. Then the complete tri-
partite graph K, . . is d-magic.

Labelings in the Join of Complete Bipartite and
Tripartite Graphs

For any positive integers #:4.7.5 and £: one
considers the join X, , + K, ; . of complete bipartite and
tripartite graphs. Let KM +K . .; bea d-magic graph.
Since deg(v)isp +r+s5+t. g+r+s+1¢,
p+tgt+r+s.p+tgtr+torp+g+s+1tand
fro) =(pgtrstrtt+sttp+qlr+s+
t) + 1)deg(v)/2
for any vertex v € VK, ; + K; ;). one has the following
proposition.
Proposition 2.1 Let K, + K, be a d-magic graph.
Then the following statements hold:
only two of p.q.7.5 and t are even or
only three of P.4.7.% and t are even or
all of P.4.7.% and t are either odd or even.
Proof. Assume that f is a d-magic labeling of K, . + K; ;¢
Suppose to the contrary that only one of P:4:.% and t
is eitherodd oreven. Thus, p +r +s+t. g +r + 5+ £,
ptg+r+s.p+g+r+torp+g9+ 5+ tisodd, and
pgt+rstrt+st+(p+glr+s+t)+ lisodd. Since
f satisfies
Fl)=(pg +rs+rt+st+(p+g)r+5+ anditis
£) + 1)deg(v)/2
not an integer for some vertex v € V(K, ; + K, ;). by
(1.1), £ (¥} is a sum of integers, one has a contradiction.
Proposition 2.2 Let K, ; + K; ; ; be a balanced d-magic
graph. Then p.q.7.5 and t are either odd or even.
Proof. Suppose to the contrary that some of . 4. 7.5 and
t are odd and some are even. Thus, p +r + 5 + &,
g+r+s+t.p+g+r+s,prg+r+tor

p+g+s5+1tis odd. This means that some vertices of
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K, + K, ;. have odd degrees. Since every vertex of
balanced d-magic graph has an even degree, one has a
contradiction.

In the next result, one shows sufficient conditions
for the existence of d-magic labelings of the join of com-
plete bipartite and tripartite graphs :{M +Kor
Proposition 2.3 Let ¥ and 4 be even positive integers,
let = and t be odd positive integers with = = £t and let *
be an even positive integer such that v = 0{mod 4)
whenever s = 1. Then Ky ; + Ky ;¢ is a d-magic graph.
Proof. Let P and & be even positive integers, let ¥ and
® be odd positive integers with = £ and let * be an even
positive integer such that 7 = 0{mod 4] whenever = = 1.

Then the graph K, ., is d-magic by Lemma 1.9. Since

=t
p.q and 7 + 5+t are even, K, ..., is balanced d
-magic by Lemma 1.8. Since K, . + K, ;. is the graph

such that K, .. and K

pgreset form its decomposition,

Ko, +K.; isa d-magic graph by Theorem 1.5.

Proposition 2.4 Let p.4.7.5 and t be even positive in-
tegers. Then K, ; + K, . is a balanced d-magic graph.
Proof. Let ¥.g.7. 5 and £ be even positive integers. Then
the graphs ¥, .. and K, ; .. ;. are balanced d-magic by
Lemma 1.8. Since K, +K, . is the graph such that
K..: and Ky g r454+¢ form its decomposition, Hog +EKoor

is a balanced d

-magic graph by Theorem 1.5.
Corollary 2.5 Let p. q. 7.5 and t be even positive integers.
Ifp=g=r=5=t then Kyg +Krz: is a supermagic
graph.

Proof. This follows from Theorem 1.1 and Proposition
24

Example 2.1 One considers the join of complete bipartite
and tripartite graphs K,, and K;:,. A balanced
d-magic graph Ky 5 + Ky 54 is constructed (see Figure 1)
and the labels on edges of K, + K, ,, are shown in

Table 1
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Figure 1 A balanced d-magic graph K, ; + K; 5 ;.

Table 1 The labels on edges of balanced d-magic graph K; ; + K7 7 4.

vertex ci c2 d1 d2 el e2 e3 e4 b1 b2 vertex d1 d2 el e2 el e4
a1l 51 6 7 50 11 46 15 42 53 4 cl 19 22 37 36 28 29
a2 5 52 | 49 8 45 12 | 41 16 56 1 c2 38 35 21 20 | 30 | 27
b1 3 2 48 9 44 13 40 17 - - d1 - - 23 34 31 26
b2 55 | 54 10 47 14 | 43 18 | 39 - - d2 - - 33 | 24 | 25 | 32

Labelings in the Composition of Complete Bi-
partite and Tripartite Graphs

For any positive integers p.g.7.5 and t. one considers
the composition K, . - K, .. of complete bipartite and
tripartite graphs. Let Kp_q * K, .. be a d-magic graph.
Since deg(v)is r+s+tlp+r+s r+s+tlp +7r +¢.
r4s+tlpts+t. r+s+tlg+r+s,
r+s+tlg+r+torlr+s+tlg+s+tand

Frwv) =(r+s+t)pg+ (rs+rt +st)(p+ forany
q) + 1)deg(v)/2

vertex 1 € L’{I{p_q -Ki._s_r}, one has the following
proposition.

Proposition 3.1 Let K, ; K, .: be a d-magic graph. Then
the following statements hold:

P orqisoddandr.sandt are even or

only one of ¥ and g is even and 7.5 and t are odd or
only two of g.q.7.5 and t are even or

all of p.q.7.5 and t are either odd or even.

Proof. Assume that f is a €-magic labeling of ¥ . * K, ;.-
Suppose to the contrary that only one of *.= and t is odd
and p and g are both even, only one of .5 and £ is even
and ¥ and g are both odd or only three of ¥:4:7.% and

tareevenandp orgiseven. Thus, (v + s+ tlp ++ + 5,

r+s+tlp+r+t.+s+tlp s+t

rts+tlg+r+s. rds+tdlg+r+tor
(r+s+tlg+s+tisodd and

r+s+t)pg+Gs +rt+stlp+g)+ 1isodd.
Since the mapping f satisfies
FFl=(G+s+t)ipg+lrs+rt+st)ip + andit
q) + 1)deg(v)/2

is not an integer for some vertex ¥ € 1’{55?_17 'H}_s_rl by
(1.1), f7{¥) is a sum of integers, one has a contradiction.
Proposition 3.2 Let K, . - K, ., be a balanced d-magic
graph. Then the following statements hold:

P orqisoddandv.sand t are even or

¥ and q are even and 7.5 and £ are odd or

p.4.7.5 and t are even.

Proof. Suppose to the contrary that all of . §.%. % and ¢
are odd, only one of p.4.7.5 and t is even, only two of
p.gq.7.5 and t are even and ¥ or § is odd, only three of
p.q.7.5 and t are even and ¥ or g is even or only one
of ¥.z and t is odd and ¥ and g are both even. Thus,
r4+s+tlp+r+s, +s+tdp4r+t,

r+s+tlp+s+t.r+s+tlgtr+s,
r+s+tlg+r+torr+sttlg+stitisodd
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This means that some vertices of K ; * K; ;; have odd
degrees. Since every vertex of balanced &-magic graph
has an even degree, one has a contradiction.

In the next result, one is able to find a sufficient
condition for the existence of d-magic labelings of the
composition of complete bipartite and tripartite graphs
LEPRE. Oy
Proposition 3.3 Let » and 4 be positive integers and let
r.5 and t be even positive integers. Then K, . - K, ;; is
a balanced d-magic graph.

Proof. Let ¥ and & be positive integers and let . 5 and
: be even positive integers. Since ¥ + 5+t = Ganditis
even, the graph K, ;... iS balanced d-magic by

Theorem 1.7. The graph K, is balanced d-magic by

t

J Sci Technol MSU

Lemma 1.8. The graph KM . is decomposable into
rqg balanced d-magic subgraphs isomorphicto ¥, . . sErezst
and ¥ T4 balanced I:E-magic subgraphs isomorphic to
K, - +. According to Theorem 1.5, K, ; - K, ;. is a balanced
I:E-magic graph.

Corollary 3.4 Let © and g be positive integers and let
r.5 and t be even positive integers. If ¥ =4 and

r ==z = then I{ﬂ_q -K

- is a supermagic graph.

Proof. This follows from Theorem 1.1 and Proposition
3.3.
Example 3.1 One considers the composition of complete

K- - -. A balanced

bipartite and tripartite graphs K, ; and
d-magic graph K, , - K, ,, is constructed (see Figure 2)

with the labels on edges of K ; - K; - ; in Table 2

Table 2 The labels on edges of balanced d-magic graph K, ; - K; ;.
vertex d1 d2 el e2 f1 f2 g1 g2 h1 h2 i1 i2
al 19 84 73 36 30 85 1 102 91 18 12 103
a2 89 26 77 35 80 20 107 8 95 17 98 2
b1 22 82 33 75 27 88 4 100 15 93 9 106
b2 87 81 34 76 28 21 105 99 16 94 10 3
cl 86 29 32 74 83 23 104 11 14 92 101 5
c2 24 25 78 31 79 90 6 7 96 13 97 108
vertex el e2 1 f2 vertex h1 h2 i1 i2 vertex b1 b2 c1 c2
d1 43 46 65 64 gl 37 40 71 70 al 54 56 50 58
d2 66 63 45 44 g2 72 69 39 38 a2 55 53 51 59
el - - 47 62 h1 - - 41 68 b1 - - 57 52
e2 - - 61 48 h2 - - 67 | 42 b2 - - 60 | 49
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Labelings in the Cartesian Product of Complete
Bipartite and Tripartite Graphs

For any positive integers . 4.7, 5 and t. one considers
the Cartesian product f{_ﬂ.q XKy p of complete bipartite
and tripartite graphs. Let K, . % K, . . be a d-magic graph.
Since deg(v)isp+r+sptr+t.ptsttg+r+s
g+r+torg+s+tand

o) =(+qis +rt+st)+pg(r+s+  for

t) + 1)deg(v)/2

any vertex ¥ £ V{H_ﬂ_q b4 H}_s_r}, one has the following
proposition.

Proposition 4.1 Let K, x K, ;. be a d-magic graph.
Then the following statements hold:

only two of B:8:7.5 and t are even or

only one of ¥ and 4 is even and ¥+ and t are odd or
all of p.4.7.% and t are either odd or even.

Proof. Assume that f is a d-magic labeling of K, ; x K, . ..
Suppose to the contrary that only four of #.g.7.5 and t
are even, only three of P:§:%:5 and £ are even or only
one of ¥ and t is even and ¥ and g are both odd.
Therefore, p +r+sp+r+t.pt+s+ttg+r+s
g+r+torg+5+tisoddand
(p+qlrs+rt+s5t)+pqlr+s5+£) +1is odd.
Since the mapping f~ satisfies
ffi)=(p+qlirs+rt+st)+pg(r+s+ andit
t) + 1)deg(v)/2

is not an integer for some vertex v £ l’{H_ﬂ_q b4 Kr_s_rl
by (1.1), f* () is a sum of integers, one has a
contradiction.

Proposition 4.2 Let K, ; % K, ; ; be a balanced d-magic
graph. Then the following statements hold:

¥ and g are even and 7.5 and t are odd or

p.q.v.5and t are even.
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Proof. Suppose to the contrary that only four of P. 4. %. =
and £ are even, only three of p.4.7.5 and £ are even,
only two of p.gq.7.5 and t are even and ¥ or 4 is odd,

7% and *

only one of p. is even or all of p.g.7. =
and t are odd. Thus, p+r+s p+r+L p+s5+t
g+r+s5g+r+torg+5+tisodd. This means that
some vertices of K, ; % K, ;. have odd degrees. Since
every vertex of balanced d-magic graph has an even
degree, one has a contradiction.

In the next result, one finds a sufficient condition
for the existence of d-magic labelings of the Cartesian
product of complete bipartite and tripartite graphs
Ky g % Kpzpe
Proposition 4.3 Let p.q.7.5 and t be even positive
integers and (p.q) #(2.2). Then K, ; % K,.; is a
balanced d-magic graph.

Proof. Let7.q.7.5 and £ be even positive integers and
(p.q) = (2.2). Since the graph K,, is d-magic by
Proposition 1.6, 2Ky ; is a balanced d-magic graph by
Theorem 1.4. The graph K. : is balanced d-magic by
Lemma 1.8. The graph Hpg %Koz is decomposable into
(r+ s+ t)/2 balanced d-magic subgraphs isomorphic
to EK_ﬂ_q and ¥ + g balanced f-magic subgraphs isomor-
phic to K, , .. According to Theorem 1.5, Ky ; X Ky :¢ is

a balanced d

-magic graph.

Corollary 4.4 Let P.49.7.5 and t be even positive
integers and (p, ) = (2,2). Ifp =g and v = 5 = £, then
Kpq X Kras is a supermagic graph.

Proof. This follows from Theorem 1.1 and Proposition
4.3.

Example 4.1 One considers the Cartesian product of
complete bipartite and tripartite graphs K; , and K; ;. A
balanced @-magic graph K, , * K, - 5 is constructed (see
Figure 3) and the labels on edges of K ;, % K; ;. are

shown in Table 3
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Table 3 The labels on edges of balance d-magic graph K, ,®x K
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Labelings in the Tensor Product of Complete
Bipartite and Tripartite Graphs

For any positive integers ¥:§:7:5 and £, one considers
the tensor product K, . @K, ;. of complete bipartite and
tripartite graphs. Let K, . @K, .. be a d-magic graph.
Since deg(v)is plr + sl plr +t), pls +8), glr + 5),
glr +t) orgls +t) and

F00) =(2pglrs + rt + 5t) + L)deg (v)/2 for any
vertex v € V(K, ;®K, .. ). one has the following
proposition.

Proposition 5.1 Let K, ,®K, ;. be a d-magic graph.
Then the following statements hold:

only four of #.g.7.5 and t are even or

only three of ¥.4:%.% and t are even and ¥ and 4 are
even or

g and 4 are odd and *. = and t are even or

P orqgisevenandr.sandt are odd or

all of B.8: 7.5 and t are either odd or even.

Proof. Assume that f is a d-magic labeling of Ky BK, ;¢
Suppose to the contrary that only three of ¥.4.7.% and t
are even and only two of 7. 5 and £ are even, only two of
#g.7.5and t are even and # or g is odd or only one of
5 and t is even and ¥ and § are both odd. Thus,
plr+s), plr+t), pls+t), glr +5), qr +8) or
g(s +t) isodd and 2pg(rs + rt + st} + 1is odd. Since
f satisfies f*(v) = (2pg(rs + vt + 5t) + L)degiv) /2
and itis not an integer for some vertex v € V(K ;@K, ; ).
by (1.1), £ () is a sum of integers, one has a contradic-
tion.

Proposition 5.2 Let K, , @K, ;. be a balanced d-magic
graph. Then the following statements hold:

only four of . 4.7 5 and t are even or

only three of #.4.7.% and t are even and ¥ and 9 are
even or

P and § are odd and 7.5 and t are even or
porqgisevenandT™:%and t are odd or

all of ¥.4.7.5 and t are either odd or even.

Proof. Suppose to the contrary that only three of P 4. 7. =
and £ are even and only two of .5 and £ are even, only
two of #.§.%. 5 and £ are even and ¥ or g is odd or only
one of . and £ is even and  and g are both odd. Thus,
plr+3), plr+t), pls+t), glr +5), qr +6) or
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gls +t) is odd. This means that some vertices of
K_a.q @Ky 2¢ have odd degrees. Since every vertex of bal-
anced d-magic graph has an even degree, one has a
contradiction.

In the next result, one finds a sufficient condition
for the existence of d-magic labelings of the tensor prod-
uct of complete bipartite and tripartite graphs &, ; &K, ;.
Proposition 5.3 Let @ or 4 be even positive integers and
let v.5 and t be even positive integers. Then K, . ®K, ..
is a balanced d-magic graph.

Proof. Let ¢ or § be even positive integers and let *. =
and t be even positive integers. One considers the fol-
lowing two cases:

Casel. If g iseven. Then (s +t)g.(r +t)g and (v + s)gq
are not congruent to Z modulo %. Thus, the graph Ky lzenig
K, (rerig @and K, . 5, are balanced d_magic by Theorem
1.7. The graph K, @K, ., is decomposable into P
balanced d-magic subgraphs isomorphic to Kr_;;“r:.q_
K ire)g and K; (y.ng. According to Theorem 1.5,
Kﬂ_q@j{r_s_r is a balanced I:E-magic graph.

Case Il. If p is even. Then (s +tlp, (r +t)p and
{r + sJp are not congruent to 2 modulo 4. Thus, the
graph Ky (zieip, Kz reep and K; (.0, are balanced d
-magic by Theorem 1.7. The graph K ; &K, ;. is decom-
posable into § balanced d-magic subgraphs isomorphic
t0 K s+ 5ip, He ir+0p @Nd Kt (r4515. According to Theorem
1.5, K, . ®K, . is a balanced d-magic graph.
Corollary 5.4 Let ¥ or 4 be even positive integers and
let .5 and t be even positive integers. If # = g and
r =5 =t then Kﬂ_q@j{ r.2¢ IS @ supermagic graph.
Proof. This follows from Theorem 1.1 and Proposition
5.3.

Example 5.1 One considers the tensor product of
complete bipartite and tripartite graphs K ; and K ;2. A
balanced d-magic graph K; ; ®K; ; ; is constructed (see
Figure 4) and the labels on edges of K, &K, are

shown in Table 4
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Table 4 The labels on edges of balanced d-magic graph K, @K,

Phaisatcha Inpoonjai

S

—

5'@3&! Q
SRR
NN
RO
TSI

J Sci Technol MSU

Figure 4 A balanced d-magic graph K, ; @K ; 5.

vertex b1 b2 b3 b4 b5 b6 ci c2 c3 c4 c5 c6
a1l - - 28 22 23 25 - 32 18 19 29
a2 - - 21 27 26 24 - - 17 31 30 20
a3 36 14 - - 15 33 40 10 - - 1" 37
a4 13 35 - - 34 16 9 39 - - 38 12
a5 44 6 7 41 - - 48 2 3 45 - -
a6 5 43 42 8 - - 1 47 46 4 - -
7. Bezegova L', lvanco J. A characterization of complete
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