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Generalized Ordinary Smooth Topological Spaces
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Abstract
In this paper, we introduce the concept of generalization for ordinary smooth topological space which we call a
generalized ordinary smooth topological space and we also study some properties of such space, for instance, closure

operator, interior operator and continuity.

Keywords: Generalized topological spaces, Ordinary smooth topological spaces, Generalized ordinary smooth

topological spaces.

Introduction and Preliminaries X)= =1
(AnB) = w(d)n r(B) forall 4 B g 2%,
T(UJperds) = Apertid,) forall {41 c 2%,

where 2% is the powerset of X and [ is a closed

The concepts of a generalized topology on ¥ was first
introduced by Csa’sza’r in as a subset u of P(X7 with the

properties':

1. Depn,

2. Uigueupforal y;epandiel =a.

The pair (X, 1) is called a generalized topological
space and ¥ is called a generalized topology (briefly &T').

In the paper introduced the concepts of ordinary

interval [0,1].

The pair (X,T) is called an ordinary smooth
topological space (briefly, osts).

In the paper defined an ordinary smooth closure

and an ordinary smooth interior in (X,7) and gave the

smooth topology on X as a mapping T: 2% = I with the characterizations of ordinary smooth closure and ordinary

properties’: smooth interior’.
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In this paper, we define the space which generalizes the
generalized topology on X, we call a generalized ordinary
smooth topological space and we also study some
properties on such space and continuous maps between

the ordinary smooth topological spaces.

Results

In this section, we define a generalized ordinary
smooth topological space and give an analogue of
generalized ordinary smooth topological space as the result.

Definition 1.1. Let X be a nonempty set. Then
a mapping p: 2¥ — ] is called a generalized ordinary
smooth topology (briefly gost) on X if i satisfies the
following axioms:

ul@ =1

U erde) = Agertlda) foran 1423 S 2%

where 2% is the powerset of X and [ is a closed
interval [0,1].

The pair (X,u) is called a generalized ordinary
smooth topological space (briefly gosts). We will denote
the set of all gosts on X by GOST(X).

Example 1.2. Let X = {g, b,c}. We define the

mapping u: 2% — I as follows: Let 4 € 2%,
1, if A=0;
0.8, if A=XorA=1{bc}
wldl =408, if 4=1{a}
10.5, it A=1{b}or{a bl
0.4, if A={clor{a,ch

Then & GOST(X)

The operators on X which is induced by the
generalized ordinary topologies i are defined as follows:

Definition 1.3. Let (X, 1) be a gosts and let
A € 2% Then the generalized ordinary smooth closure
and generalized ordinary smooth interior of 4 in X are
defined by

A=N{F €2%: ACF and u(F°) > 0}

and

A= e2¥: VS Aand u(U) = 0},

respectively.

Example 1.4. From Example 1.2 and let
A=1{a,clThen

A*=U{u €2% : U c{a,c}and p(l) = 0}

= U{o, {a}l{c}{a c}}

={a,c}
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and
A=N{F €2%:{a,c} CFand u(F<) > 0}
=N{x.{a c}}

={a,c}.

The following propositions are the properties of
gosts

Proposition 1.5. Let (X, T) be a 9955 and let
A B € 2% Then:

If A € B, then A* S B and 4 C E.

(4%)° = ¢,

."J]: — L'F}E

A= (4

@)=

Proof. (1) Obvious.

(2) For any 4 € 2% we have that

(A)=(Uv e2®:Uvcdandpu(l) =

01)° = N{Us €2% : 45 C U and p(U°) =

0} =4A°

The proof of (3), (4) and (5) are easily obtained
from (2).

Proposition 1.6. Let (X, ) be a gasts and let
A B € 2% Then:

ATC A

{_.'J] J}:I — A:I.

(AnB)rc A n B~

Proof. (1) Obvious.

(2) For each 4 £ 2%, using (1), we have that
{A°)" < A" Since

(Ar=UU €2%: p(U) >0and U

AM=U e2f: p(IN =0andl C

W 2% p(W) =0and WC A}} 2

W e2%: p(U) =0and U S A} = A°

then (4°)° = 4"
(c)SinceANBcZ AandANEBECE, (ANE)"c A%and
(ANB)*C B Thus (A NEB)°C 4°n B~

Proposition 1.7. Let {:X.l T} be a §25t5 and let
A B € 2%. Then:

Proof. The proofs are similar to that of Proposi-
tion 1.6.
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Definition 1.8. Let {X, ) be a gosts, r € I and
A £ 2% Then we define 4, and 47 by

A, =N{F €2% : ACF and u(F°) = r}

and

A=V 2 : U c Aand u(U) =1},

respectively.

We called A_,, a generalized ordinary smooth r-
ravel closure and A; a generalized ordinary smooth r-
ravel interior.

Then the following results are obtained:

Proposition 1.9. Let (X, T) be a gosts and let
A€ 2% Then:

If u{A) = 0, then 4 = A"

If u(A%) >0, then 4 = A.

If there is " € Iy such that A = 4,, then 4 = A.

If there is T € I such that 4 = A2, then A4 = A",

Proof. (1) Let u(4) = 0. Then

Ae{U e2®:Ucdand p(U) =0}, so

Acfr e2¥: Uc dand u(ll) = 0},

thus 4 C A"

Therefore 4 = A°.

(2) Let u(A4%) = 0. Then A% = (47",

so AN =(A)) 1 cA=4
_ (3) Assume that ™ € I such that A = 4,. Since
A=F €2* :ACFandpu(F*) =0} C
N{F €2¥:ACFandu(F)=+}=4,=4, ACA
So 4 = A

(4) Assume that r £ I such that A = A;. Since
plA) = p(UV 2% p(U) 2rand V C
A=Ay e2¥ ) =randV C
AD=r=0
So
ArefU €2 :p(U) = 0andU c 42} C
DU e2¥:pu)>0andlU S A} =A" .

Thus 4 = A2 C A°C A. Therefore A = A°.

, ulAr) = 0.

2. Generalized ordinary smooth continuity

In this section, we defined a continuous mapping
on generalized ordinary smooth topological spaces as
follows:

Definition 2.1 Let (X, 1) and (Y, 1i2) be gosts's,
Then a mapping f: X = Y is said to be:

A generalized ordinary smooth continuous
(briefly gos — continuous) if #2(A) = uy (F71(4)) for
all A € 2%,
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A generalized ordinary weakly smooth continu-
ous (briefly gows — continuous) if for each 4 € 27,
pa(A) = 0= py(F14) = 0.

Example 2.2. Let X = {a, b,c}. We define two

mapping as follows: For each (7, D € 2%,

1, if €=
w01 = {1, ifC=XorC=1{bclorC ={ak

otherwise,
M D) = {

L

if D =g;
,if D=XorD={bc}orD ={ak

otherwise.

[=T N T

and
Cleary, the identity mapping id: (X, u2) = (X, 1) is
gows — continuous, but id is not gos — continuous.

The following results are obtained that:

Corollary 2.3. Let (X,11) and (Y, u2) be gosts's
and leta mapping f: X = ¥. Then: [ is gos — continuous
iff 1, (A°) = py (F1(4%) ) forall A €2¥. [ is
gows — continuous iff #;(4%) = 0= uy (F1(4°)) = 0
for all 4 € 2¥.

Proposition 2.4. Let (X, ) and (¥, u2) be

§0osts's and let a mapping f: X = ¥ be

gows — continuous. Then:

f(zj c }@ for all 4 € 2%,

FHB) c FY(B) foran B €27

B e (F74(B)) forall B €27,

Proof. (1) Let A £ 2%. Since

f_l(}ﬁ) = YMF €2¥: u,(Fo) =

Oand FlAJS F})

= N{f~1(F) € 25:F € 27, u,(F°) =
Oand A € F1(F)}

2 N{f~1(F) € 2%:F € 2%,y (F1(F)) >

Oand 4 € f~1(F)}

= o

then 4 & f_l(f(:’l}).

Thus £(3) = 7 (£ (F@)) = 7).

(2) Let B € 2¥, we have f~(B) € 2%

Then f (F72(B)) € F(F~(B)) B,

s (F7®) = 127 (F7®)) = (B),

(3) Let B € 2¥.

o Then

FHER) = £ B = (F72(8) =
(r2(@))) = @276 -
(r@) = ((r@) )
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so (F71B)) € £1((8)),
Hence f(B®) € (}r_j‘:B}:IJ.

The following Corollary is immediate from Defini-
tion 2.1 and Proposition 2.4.

Corollary 2.5. Let (X,41) and (¥, 12) pe
§osts's and let a mapping f: X = ¥ pe

gos — continuous. Then:

@mfor all A € 2%,

FYB)c f‘i{ﬁj forall B €27,

FLUE) C(FHB)) for all B € 2F.

The generalized ordinary smooth open map and
generalized ordinary smooth closed map are defined as
follows:

Definition 2.6. Let (X, 11) and (¥, k2) be
§osts's. Then a mapping f: X — ¥ is said to be: a gen-
gos — Gpen) i
p(A) = pa (F(A) ) forall A € 2% a generalized ordinary
smooth closed (briefly gos — closed)ifty (A%) = o (F(4%))
for all A € 2%

eralized ordinary smooth open (briefly

Example 2.7. Let X = {a, b,c}. We define two

mapping as follows: For each €, D € 2%,

1, if C=@
1
) - ifC=X;
) =141
o if C=1{b,cl;

, otherwise,

and
1, ifD =m0
1
_ =, ifD=2XxX;
po (D) = i
= if D=1{bc}h
a0, otherwise.

Then 1,2 € GOST(X). Consider the identity
mapping id: (X, 1) = (X, o). Then we can see that id
is gos — open and gos — closed.

Then we obtain the following result:

Proposition 2.8. Let (X,11) and (¥, 12) be
gosts's. If [: X =Y is gos — open, then f(4%) € (£(4))
for each A € 2%

Proof. Let A4 £ 2% Since
A =F(U{U €2% : () > 0and U <
A}
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= e2t:u e 2%, (V) =
Oand F{U) < F{A)]}
c U{Fy e2¥:u e 2%, u,(F(1)) =
Oand F(U) € F(4)}
CIHV e2¥:u, (V) =0and V € F{4)}
= (r)
flam e (rla)”
Definition 2.9. Let (X, ;) and (¥, 1; ) be gosts's
. Then a mapping f: X — ¥ is called a generalized ordinary
smooth homeomorphism if f is a bijective and fiftare
generalized ordinary smooth continuous.
Now, we have the relation of generalized ordinary smooth
homeomorphisms, gos — open and §os — closed as follow:
Theorem 2.10. Let (X,u1) and (Y.42) be
gosts's and let f: X =Y be a bijective and f be
gos — continuous. Then the following statements are
equivalent:
f is generalized ordinary smooth homeomorphism.
f is 905 — open
f i 995 — ciosed-
Proof. (1)=—(2) Assume that f is a generalized ordinary
homeomorphism. Then
p1(A) £ uo((FO7UA) = w2 (F(D). Thus f s
Gos — open.
(2)=>(3) Assume that [ is 905 —open_ Let 4 € 2% we
have w1(A%) = u,(f(4%)). Since f is bijective,
1 (A%) =y (F(4°)). Thus £ is gos — closed,
(3)==>(1) Assume that [ is go5 — closed | et A € 2%
- Then p1(4) = po(F(4)) = w2 ((FD71(A)). Thus £

is gos — continuous. Hence [ is a generalized ordinary

smooth

smooth homeomorphism.
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